On Holomorphic L2 functions on Coverings of 
Strongly Pseudoconvex Manifolds 

Alexander Brudnyi * 

Abstract 

In this paper we answer an important question posed in the paper [GHS] 
by Gromov, Henkin and Shubin on existence of sufficiently many holomorphic 
L2 functions on arbitrary coverings of strongly pseudoconvex manifolds. 

1. Introduction. 

1.1. Let M CC N be a domain with smooth boundary bM in an n-dimensional 
complex manifold N, specifically, 

M = {zE N : p(z) < 0} (1.1) 

where p is a real- valued function of class C 2 (Q) in a neighbourhood Q of the compact 
set M := M U bM such that 

dp(z) ^ for all z e bM . (1.2) 

Let Zi, . . . ,z n be complex local coordinates in N near z G bM. Then the tangent 
space T Z N at z is identified with C n . By T£(bM) C T Z N we denote the complex 
tangent space to bM at z, i.e., 

n do 

T c z {bM) = {w = K, . . . ,<) G T z (iV) : ^ ^(^^ = 0} . (1.3) 

j=l OZ 3 

The Levi form of p at 2 G 6M is a hermitian form on T z (bM) defined in the local 
coordinates by the formula 

n d 2 p 

L z (w,w) = dz . d - (z)WjWk ■ (1.4) 
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The manifold M is called pseudoconvex if L z (w,w) > for all z G bM and w G 
T^{bM). It is called strongly pseudoconvex if L z (w,w) > for all z G 6M and all 



Equivalently, strongly pseudoconvex manifolds can be described as the ones 
which locally, in a neighbourhood of any boundary point, can be presented as strictly 
convex domains in C n . It is also known (see [C], [R]) that any strongly pseudocon- 
vex manifold admits a proper holomorphic map with connected fibres onto a normal 
Stein space. 

Without loss of generality we may and will assume that tti(M) = ni(N) for M 
as above. Let r : N' — * iV be an unbranched covering of N. By M' := r~ 1 (M) 
we denote the corresponding covering of M. Also, by bM' := r _1 (&M) and M' : = 
M' U bM' we denote the boundary and the closure of M' in N'. 

Let dVu 1 be the Riemannian volume form on M 1 obtained by a Riemannian 
metric pulled back from N. By H 2 (M') we denote the Hilbert space of holomorphic 
functions g on M' with norm 



Let X be a subspace of the space O(M') of all holomorphic functions on M'. 
A point z G bM' is called a peak point for X if there exists a function / G X such 
that / is unbounded on M but bounded outside U D M' for any neighbourhood U 



A point z G bM' is called a local peak point for X if there exists a function / G X 
such that / is unbounded in U D M' for any neighbourhood {7 of z in TV' and there 
exists a neighbourhood U of 2; in TV' such that for any neighbourhood V of 2 in TV' 
the function / is bounded on U\V. 

The Oka-Grauert theorem [G] implies that if M is strongly pseudoconvex and 
bM is not empty then every z G bM is a peak point for H 2 (M). In general it is 
not known whether a similar statement is true for boundary points of an infinite 
covering M 1 of M. 

Assume that M' := Mq is a regular covering of M with a transformation group 
G. In [GHS] the von Neumann G-dimension dime was used to measure the space 
H 2 (M G ). In particular, one of the main results [GHS, Th. 0.2] states: 

Theorem If M is strongly pseudoconvex, then 

(a) dirriGH 2 (Mc) = 00 and 

(b) each point in bM G is a local peak point for H 2 (M G ). 

Also, in [GHS, p. 3] the following important question was asked: "A natural ques- 
tion arises: is the cocompact group action (on M') really relevant for the existence 
of many holomorphic L 2 -functions (on M') or is it just an artifact of the chosen 
methods which require a use of von Neumann algebras? " And further: "It is not 
clear how to formulate conditions assuring that dim L 2 0(M') = oo 1 without any 
group action." 

1 dim H 2 {M') in our notation 



w / 0, 10 6 T c z (bM). 




(1.5) 



of z in N'. 



On Holomorphic L 2 functions on Coverings 



3 



The main result of the present paper answers the above formulated questions. In 
particular, we show that the regularity of M' is irrelevant for the existence of many 
holomorphic L 2 -functions on M' . Moreover, we also prove a substantial extension 
of the above result of [GHS]. Our method of the proof is completely different (and 
probably more easier) from that of used in [GHS] and is based on the L 2 -cohomology 
techniques, as well as, on the geometric properties of M. 

1.2. To formulate our result, let C M C M be the union of all compact complex 
subvarieties of M of complex dimension > 1. It is known that if M is strongly 
pseudoconvex, then Cm is a compact complex subvariety of M. Let Zi, 1 < % < m, 
be distinct points in M \ Cm- By l 2 (z' i ) we denote the Hilbert space of l 2 functions 
on the fibre z[ := r~ 1 (z i ). 

Theorem 1.1 If M is strongly pseudoconvex, then 

(a) For any fi G hi.^), 1 < i < m, there exists F e H 2 (M') such that F\ z > = f i} 
1 < i < m; 

(b) Each point in bM' is a peak point for H 2 (M'). 

Similar results are valid for certain L p spaces of holomorphic functions on M'. 
These and some other results will be published elsewhere. It is worth noting that 
results much stronger than Theorem 1.1 can be obtained if M is a strongly pseudo- 
convex Stein manifold, see [Brl], [Br2] for an exposition. 

2. Auxiliary Results. 

2.1. Let X be a complete Kahler manifold of dimension n with a Kahler form 
iv and E be a hermitian holomorphic vector bundle on X with curvature G. Let 
L2 9 (X,E) be the space of L 2 E- valued (p, g)-forms on X with the L 2 norm, and 
let W2' q (X, E) be the subspace of forms such that drj is L 2 . (The forms 77 may be 
taken to be either smooth or just measurable, in which case drj is understood in 
the distributional sense.) The cohomology of the resulting L 2 Dolbeault complex 
(W 2 '',d) is the L 2 cohomology 

H™(X,E) = Z™(X,E)/B™(X,E) , 

where Z 2 q (X,E) and B 2 q (X,E) are the spaces of enclosed and <9-exact forms in 
L 2 ' q (X, E), respectively. 

If G > euo for some e > in the sense of Nakano, then the L 2 Kodaira-Nakano 
vanishing theorem, see [D], [O], states that 

H^{X,E) = for r>0. (2.1) 

2.2. Let McciVbea strongly pseudoconvex manifold. Without loss of generality 
we will assume that ni(M) = ni(N) and N is strongly pseudoconvex, as well. 
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Then there exist a normal Stein space Xn, a proper holomorphic surjective map 
p : N — > Xn with connected fibres and points xi, . . . , X\ G Xn such that 

p:N\ (J p-^z^X^ (J {^} 

l<i<l l<i<l 

is biholomorphic, see [C], [R]. By definition, the domain Xm '■ = p{M) C Xjy is 
strongly pseudoconvex, and so it is Stein. Without loss of generality we may assume 
that xi,...,xi G X M . Thus Ui<^<z p^ixi) = C M - 

Let LcciVbea strongly pseudoconvex neighbourhood of M. Then X L := p(L) 
is a strongly pseudoconvex neighbourhood of Xm in -Xjv- We introduce a complete 
Kahler metric on the complex manifold L \ Cm as follows. 

According to [N] there is a proper one-to-one holomorphic map % : Xl C 2n+1 , 
n = dimcX L , which is an embedding at regular points of X L . Thus i(X L ) C C 2n+1 
is a closed complex subvariety. By u e we denote the (1, l)-form on L obtained as 
the pullback by % op of the Euclidean Kahler form on C 2n+1 . Clearly, uj e is enclosed 
and positive outside Cm- 

Similarly we can embed X^ into C 2ra+1 as a closed complex subvariety. Let 
j : X N C 2n+1 be an embedding such that j(X L ) belongs to the open Euclidean 
ball B of radius 1/4 centered at G C 2n+1 . Set z { := j(a;i), 1 < % < I. By cjj we 
denote the restriction to L \ Cm of the pullback with respect to j o p of the form 
— \J — 1 ■ (9(9 log (log 1 1 z — <2i|| 2 ) 2 on C 2n+1 \ (Here || • || stands for the Euclidean 
norm on C 2n+1 .) Since j{X£) C B, the form Ui is Kahler. Its positivity follows from 
the fact that the function — log (log | \z\ | 2 ) 2 is strictly plurisubharmonic for \\z\\ < 1. 
Also, uj,i is extended to a smooth form on L\p~ 1 (xj). Now, let us introduce a Kahler 
form ojl on L \ Cm by the formula 

uj l :=uj e + . (2.2) 

i<i<i 

Proposition 2.1 The path metric d on L \ Cm induced by ujl is complete. 

Proof. Assume, on the contrary, that there is a sequence {wj} convergent either to 
Cm or to the boundary bL of L such that the sequence {d(o, Wj)} is bounded (for a 
fixed point o G L \ Cm)- Then, since ojl > w e , the sequence {i(p(wj))} C C 2n+1 is 
bounded. This implies that {wj} converges to Cm- But since ojl > J2^i, the latter 
is impossible, see, e.g., [GM] for similar arguments. □ 

In the same way one obtains complete Kahler metrics on unbranched coverings 
of L \ Cm induced by pullbacks to these coverings of the Kahler form ujl on L\ Cm- 
2.3. We retain the notation of the previous section. Also, for an n-dimensional com- 
plex manifold X by T x and T£ we denote complex tangent and cotangent bundles 
on X and by K x = A n T x the canonical line bundle on X. 

Let r : N' — > N be an unbranched covering. Consider the corresponding covering 
(L \ Cm)' '■= r~ x (L \ Cm) of L\ Cm- We equip (L \ Cm)' with the complete Kahler 
metric induced by the form oj' l := t*ujl- 

Next we consider the function / := J2o<i<i fi on (L \ Cm)' such that fo is the 
pullback by % o p o r of the function | \z\ | 2 on C 2n+1 and fi is the pullback by j o p o r 
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of the function — log (log | \z — Zi\ | 2 ) 2 on C 2n+1 \ {zi}, 1 < i < I. Clearly we have 

J L := V^l-ddf . (2.3) 

Let E := (L\ Cm)' x C be the trivial holomorphic line bundle on (L \ Cm)'- Let 
g be the pullback to (L \ Cm)' of a smooth plurisubharmonic function on L. We 
equip E with the hermitian metric e~f~ 9 (i.e., for z x v E E the square of its norm 
in this metric equals e~^~ 9<z )|r> | 2 where |i>| is the modulus of v E C). Then the 
curvature 9^ of E satisfies 

Q E ■= -v^T . dd\og(e- f - 9 ) =lo' l + V^l ■ ddg > J L . (2.4) 

Thus we can apply the L 2 Kodaira-Nakano vanishing theorem of section 2.1 to get 

H$((L\C M )',E) = for r>0. (2.5) 

Let K(L\c M y be the canonical holomorphic line bundle on (L \ Cm)' equipped 
with the hermitian metric induced by uj' l . Consider the hermitian line bundle V g : = 
E ® K( L \c M y equipped with the tensor product of the corresponding hermitian 
metrics. Then from (2.5) we have 

H^((L\C M )',V g )^H^((L\CM)',E)=0 for r>0. (2.6) 

2.4. Let U C L be a relatively compact neighbourhood of Cm- Consider a finite 
open cover (Ui)i<i<k of L \ U by simply connected coordinate charts C/j CC N\Cm- 
We introduce complex coordinates on U[ := r~ l (Ui) C N' by the pullback of the 
coordinates on C/j. In these coordinates U[ is naturally identified with Ui x S where 
S is the fibre of r : N' -> JV. 

Let 77 be a smooth (p, g)-form on (L \ Cm)' equals on r -1 (£7). Then in the 
above holomorphic coordinates (z, s), z = (zi, . . . , z n ) E Ui H L, s E S, on U- fl L', 
V := r _1 (L), the form 77 is presented as 

V(z,s)= Vr,h,..,i P ,h,..,j q (z,s)dz il A--- Ad* ip Ac% A--- Adz it (2.7) 

where Vi;ii,.~,i P ,ji,...,j q are smooth functions on (C/j C\L) x S. 

We say that 77 belongs to the space ^'.|((L \ Cm)') if in (2.7) we have 

sup i J] l J 7i;ii,...,ipji,-J,(*> s)| 2 i < 00 . (2.8) 

zeu i nL,i,i 1 ,...,t p ,j 1 ,...,j q { seS ) 

Let e be a holomorphic section of K\l\c m - Then 77 • r*e can be viewed as a 
(p, g)-form with values in V g . (Here r*e is the pullback of e to (L \ Cm)', i-e., 
r* e eO((L\C M )'^| (LW ).) 

Proposition 2.2 For every 77 E £fj? 2 {{L \ Cm)') and e E 0(L \ Cm, K\l\c m ) there 
is a plurisubharmonic function g in the definition of the metric on V g such that 
n-r*eEL™{{L\C M )\V g ). 
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Proof. In this proof by 1 1 • 1 1 we denote the hermitian metric on the space of V a - valued 
(p, g)-forms induced by the hermitian metrics on V 9 and T(l\c m )'- Set 



hi;h,-,ip,h,-,j q ( z ) := ll r * e (^ s ) ■ dz h A ' • • A dz ip A dz h A • • • A dz 



3q\ 



Then hi-i lt „, ! i p j u ,„ ! j q is a nonnegative continuous function on Ui fl L. Let g be such 
that r*g = g. By the definition of metrics on V g and T(l\c m )' 

hi ; i u ...j p j lj ...j q (z) := - e ^ \ (2-9) 

where hi-,i 1 ,...,i p j 1 ,...,j q is a nonnegative continuous function on C/j fl L independent of 
9- 

Now for some A E N we have 
||??(z,s)-r*e(z,s)|| 2 < Ax £ l^;u,..^ji,...jj^, s)| 2 -^;n,..,i P ,ji,..,j<,(^) ■ (2-10) 

According to the definition of L^ifL \ C M )', V g ) we have to show that 

|r? - r*e| 2 := / \\ri ■ r*e\\ 2 ■ (oo' T ) n < 00 . 

1 1 J(L\c M y ul 11 v l; 

Since u' L = t*ul, from (2.9) and (2.10) we get 
\rj ■ r*e\ 2 < 



AX j~1 iuiHL I 



h,...,ip,ji,...,j q ,seS 



Also, by the hypothesis of the proposition, see (2.8), 



sup < E \Vi^,...,i P ,h,...,j q (^ s )\ 2 { < 00 for 1<^<^- 



jl,...,'ip ,jl,...,j q ,SES 



Thus in order to prove the proposition it suffices to check that there is g in the 
definition of the metric on V g such that for every % 

L , kh,.,i P Ju-..J q e~^ n L < 00 . (2.11) 
The required result now follows from 

Lemma 2.3 Let h be a nonnegative piecewise continuous function on L equals in 
some neighbourhood of Cm and bounded on every compact subset of L\ Cm- Then 
there exists a smooth plurisubharmonic function g on L such that 

h ■ e~ 9 ofi < 00 . 
l L 
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Proof. Without loss of generality we identify L \ Cm with Xl \ Ui<j<2 {xj}. Also, 
we identify X L with a closed subvariety of C 2n+1 as in section 2.2. Let U be a 
neighbourhood of Ui<j<; {xj} such that h\u = 0. By A r C C 2n+1 we denote the 
open polydisk of radius r centered at G C 2n+1 . Assume without loss of generality 
that G X L \ U. Consider the monotonically increasing function 



v(r) := h-u n L , r > . (2.12) 

JA r n(x L \u) 

By vi we denote a smooth monotonically increasing function satisfying v < V\ (such 
vi can be easily constructed by v). Let us determine 



y 2 (r) := 2vx(2t) dt , r > . 
J 



By the definition t>2 is smooth, convex and monotonically increasing. Moreover, 

v 2 (r) > 2«i(2t) dt > (r + l)u(r + 1) . 
Next we define a smooth plurisubharmonic function v 3 on C 2n+1 by the formula 

2n+l 

v 3 (z u ...,z 2n+1 ) := ^ w 2 (kil) • 

3=1 

Then the pullback of ^3 to L is a smooth plurisubharmonic function on L. This is 
the required function g. Indeed, under the identification described at the beginning 
of the proof we have 

\ h-e-°uj n L = Y / h-e-' 9 u n L < 

JL ^ J(A fc \A fc _ 1 )n(X i W) 

00 00 

v(k)e~ V2{k - 1) < v(k)e- kv{k) < 00 . □ 

k=l k=l 

To complete the proof of the proposition it remains to put in the above lemma 
where pi is the characteristic function of U,i fl L. □ 

2.5. Let O CC L be a neighbourhood of C M . We set O' := ^(O), C' M := r-\C M ). 
Assume that the manifold N, see section 1.1, is equipped with a hermitian metric 
p. We equip the bundle with the hermitian metric induced by p. Also, we equip 
Kl> '■= t*Kl with the hermitian metric p' := r* p. 

Proposition 2.4 Any h G L 2 ((L \ Cm)', V g ) holomorphic on O' \ C' M admits an 
extension to a section h of Ky such that K\m' G L 2 (M' , K L >) . 
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Proof. Consider a coordinate neighbourhood U CC of a point q G Cm with 
coordinates z = (z-y, . . . , z n ). Taking the pullback of these coordinates to r _1 (?7) we 
identify r _1 (C/) with U x S where S is the fibre of r. Then 

s) = hjj(z, s)dz\ A • • • A dz n , z <E U \ Cm, s G S. 

By the definition of the metric 1 1 • 1 1 on V g we have 

||/i(z,s)|| 2 u;£(z) = |M^s)| 2 |l^iA...Ad^|| 2 w2(^) = 

\hu(z, s)\ 2 e^ z \V^T) n A2=i dz l A dz { . 
Now, the hypotheses of the proposition imply that 

/ (j2 \hu(z, s)\ 2 ) e-^\^T) n A? =1 A tfei < 00 . (2.13) 

Jzeu\c M \ s£S J 

Let a; n be the volume form induced by the hermitian metric p on N with the as- 
sociated (1, l)-form uj. Since by our construction g is smooth on L, we have on 
U: 

e -ffW( v /=I)» A™ =1 d^j A tfei >cu n 
for some c > 0. From here and (2.13) we get 

/ x fe\hu(z,s)Au, n (z)< 00. (2.14) 
Jzeu\c M \ seS j 

In particular, this implies that every hu(-,s), s G S, belongs to the L 2 space on 
U\C M defined by integration with respect to the volume form (^/— T) n A^ =1 dzi Adzi. 
Also, every hu(-,s) is holomorphic on U \ C M - Using these facts and the Cauchy 
integral formulas for coefficients of the Laurent expansion of hjj(-,s), one obtains 
easily that every hu(-,s) can be extended holomorphically to U. In turn, this gives 
an extension h of h to r~ l {U). Now from (2.14) we obtain that h G L 2 (U, K L >). 

Next assume that U CC L\Cm is a simply connected coordinate neighbourhood 
of a point q E M \ Cm- Identifying r~ 1 (f/) with U x S we have anew inequality of 
type (2.13) for h\ r _ 1( py Since <? is smooth on L\Cm, repeating literally the previous 

arguments we get that h G L 2 (U, Kl>). Taking a finite open cover of M by the above 
neighbourhoods U and U and considering the extension of h to M' defined by the 
above extended forms h on r~ 1 (f/) we get the required result. □ 



3. Proofs. 

3.1. Proof of Theorem 1.1 (a). First, we prove Theorem 1.1 (a) for m — 1: 

Theorem 3.1 Let z G M \ C M and z' := r -1 ^) G M' . Then for any f G l 2 (z') 
there exists F G H 2 (M') such that F\ z > = f. 
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Proof. In the proof we retain the notation of section 2. 

Let p : N — > X^ be the proper holomorphic map onto the normal Stein space X^ 
from section 2.2 such that p : N \ Cm — > -Xjv \ Ui<j</ {rrj} is biholomorphic. Since 
Xjv is Stein, there is a holomorphic function ft, on X^ whose set of zeros Z^ contains 
p(z) and does not intersect Ui<j<; {xj}. Let O CC X^ be a Stein neighbourhood 
of the compact set Z h D Xl, := such that O fl ^i<j<i {xj} = and O is 

holomorphically convex in X N . We set O' := (por)" 1 ^) C X'. Then according to 
[Brl, Th. 1.10] there is a holomorphic function hi on O' satisfying 

fti|z' = / and sup < ^2 \hi(x)\ 2 > < 00 . (3.1) 
s/ep-MO) [ xer -i(j,) J 

Let p be a C°° function on Xn \ Ui<j<z {x{\ equals 1 in some neighbourhood of 
Zh fl O in O and outside O. By p' := (p o r)*p we denote its pullback to N'. Then 
^2 := (p' ■ hi)\(L\c M )' ls a function on (L \ Cm)' ■ Let ft' := (p o r)*/i|x,/ be the 
restriction to V of the pullback of h. Consider the C°° (0, l)-from rj := dh 2 /h'. It 
follows easily from (3.1) and (2.8) that n G £$} 2 ((L\C M )') for some U C L\p- 1 ((9). 

Next, since Xjy can be embedded to C 2n+1 , and since z is a regular point of X^, 
there is a section e G 0(N, K^) such that e(z) 7^ 0. Let V C L be the set of zeros 
of e. Then V is contained in the preimage p~ l {y r ) of a complex analytic subspace 
V C X N . Since Xjy is Stein, the latter impies that there is a bounded holomorphic 
function f e on L such that j e -e~ l is a bounded section from 0{L, K£) and / e (z) = 1 
(recall that L CC N). 

Further, by Proposition 2.2 there is a function g in the definition of the metric on 
the vector bundle V g from section 2.3 such that fj := r\-r*e G L^ 1 {{L\C m)' ■, V g ). Since 
dfj = 0, by (2.6) there is a section h 3 G L 2 ((L\C M )' ', V^) such that <9/i 3 = 77. Choose 
5 in the definition of the metric on V g so that also h 2 ■ r*e G L 2 ((L \ C M )', V g ). Thus 
hi '■— h 2 -r*e — h'h 3 G L 2 ((L\Cm)' , V g ), is holomorphic on (L\Cm)'- By Proposition 
2.4 hi is extended to a holomorphic section h' A of If// such that h'^M 1 G L 2 (M', K^i). 
Moreover, by our construction h' 4 \ z > = f ■ r*e\ z r. Finally, we set 

F:=h' 4 \ MI -(r*f e -r*e- 1 )\ M >. 

Then F G H 2 (M') and F| y = /. □ 
Now, let us prove Theorem 1.1 (a). 

By Theorem 3.1 there are functions F G H 2 (M') such that Fi\ z i — fi, 1 < % < m. 
Let tj be a holomorphic function on N such that ti(z;) = 1 and U{zj) = for j 7^ 2. 
Then the function F := Si<j<m r *^ ' F satisfies the required condition. □ 
3.2. Proof of Theorem 1.1 (b). Let x G bM be a boundary point of a strongly 
pseudoconvex manifold M CC iV. We will prove that each point y G r _1 (a;) is a 
peak point for H 2 (M'). 

Choose a coordinate neighbourhood U\ CC N ol x with complex coordinates 
u> = (wi, . . . , iu n ) centered at x such that the complex tangent space T£(bM) is given 
by the equation W\ — 0. Consider the Taylor expansion of the defining function p 
for M, see (1.1), (1.2), at x: 

p(w) = p( x ) + 2Ref(x, w) + L x (w - x,w -x) + 0(\\w - x\\ 3 ) , (3.2) 
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where L x is the Levi form at x and f(x,w) is a complex quadratic polynomial with 
respect to z: 

f(x,w) = - — (x)w 1 + - 2^ - — - — [x)w lx w v . 

(Here -§f^{x) 7^ and -§^{x) = for 2 < % < n by the choice of the coordinates on 
Ui). Next, in a sufficiently small simply connected neigbourhood U CC U\ of x we 
introduce new coordinates z — (zi, . . . , z n ) by the formulas 

Zi = /(x, iu) and = Wi for 2 < i < n . 

Since 6M is strongly pseudoconvex at x, diminishing if necessary U we have that 
in U the intersection of the hyperplane z\ — with M consists of one point a; and 
Rez\ < in [/. Let H := {z C U : Rez\ < 0}. Then we can choose a branch of 
log^i so that h x (z) = log^i is a holomorphic function in if. Clearly, h x G L 2 (H) for 
L 2 defined by a Riemannian volume form pulled back from N, and h x has a peak 
point at x. 

Let H' := r~ l (H) CC iV'. Take a point y G ^(x) C 6M'. Let i7 y be the 
connected component of H' containing y. We set h y := r*h x \n y - Next, consider a 
smooth function p on N equals 1 in a neigbourhood O CC U of rr with support 
S CC U. Let O y CCUy be connected components of O' = r _1 (0) and C/' = r _1 (?7) 
containing y. By p y we denote the pullback of p\u to U y and by S" CC U' y support of 
p y . Then d(h y p y ) can be extended by to a C°° (0, l)-form on (N' \ S') UH^U 0' y . 
Note that (N\S)UHUO is a neighbourhood of M. Hence, since M CC N is strongly 
pseudoconvex, there is a strongly pseudoconvex manifold L CC (N \ S) U H U O 
such that Mel. Observe also that ^((iV \ 5) U H U O) C (N' \ S') U H' y U 0' y . 
Thus the form rj is well-defined on L' := r _1 (L). Moreover, by our definitions 
r] G £yf. 2 {{L \ Cm)') for some neighbourhood W of Cm, see section 2.4. 

As in the proof of part (a) we will choose a section e G C?(iV, ifjv) such that 
e(x) 7^ and a function / e G C(i^) such that f e (x) = 1 and f e ■ e _1 is a bounded 
section from 0(L,K* L ). 

Now, by Proposition 2.2 there is a function g in the definition of the metric on 



the vector bundle V g from section 2.3 such that rj := rj ■ r*e G L^i^L \ Cm)', V t 



Since df\ = 0, by (2.6) there is a section hi G L 2 ((L \ Cm)', V g ) such that dhi = rj. 
According to Proposition 2.4 h\\ (m\c m )' ^ s extended to a section h 2 of such that 
h 2 G L 2 (M' , K L i). From here, using the fact that (h y p y )\M>nH y is extended by to 
a smooth L 2 function on M', we get h' := (^p^) ■ r*e — h 2 G H 2 (M', K L >). Finally, 
we set 



:= h' ■ (r*f e ■ r*e 



\M' 



Clearly, h G H 2 (M') and it has a local peak point at y. Let us show that in fact h 
has a peak point at y. This will complete the proof of the theorem. 

Let L\ CC L be a neighbourhood of M. We set L[ := r _1 (Li). Then by 
Proposition 2.4 /ii|r--i(Li\c M ) * s extended to a section of K L > (denoted as before by 
h 2 ). By the definition, h 2 := h 2 ■ (r*f e ■ r*e" 1 )| L ' i is a smooth holomorphic on L[ \ S' 
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function. From the facts that L\ CC L, the L2 norm || ■ || on I' is defined by a 
Riemannian volume form pulled back from N using the mean- value property for the 
plurisubharmonic function \h' 2 \ 2 on L[ \ S' we get for some c > 0, 



In addition, h' 2 is continuous on U y fl M' . These imply easily that h is bounded 
outside U (1 M' for any neighbourhood U of y in N'. □ 
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